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Qudits are d-level quantum systems, a natural language for high-dimensional hardware and for
circuits with more than two classical levels per wire [2], and they make the word “controlled” less
automatic than it is for qubits. A qubit CNOT has two compatible readings: it toggles the target
when the control is 1, and it also adds the control value to the target. For qudits these readings
lead to different gates. Targeted control, in the Muthukrishnan–Stroud style, changes the target
only at one selected control level [1]; arithmetic control uses SUM|x, y⟩ = |x, y + x⟩, one of the
standard prime-qudit Clifford generators together with Pauli shifts and phases, Fourier gates, and
quadratic phase gates [4].
In this work in progress, I focus on the arithmetic convention, together with the two-level basis swap
Xa,b, which exchanges the a and b basis states on one wire. Among classical basis permutations,
the Clifford ones are exactly the affine relabelings; one-qubit and one-qutrit permutations are
affine, so a one-wire permutation gives no non-Clifford resource in these dimensions, whereas from
prime dimension 5 onward X0,1 is non-affine. Recent trichotomy results give the corresponding
quantum statement: in prime dimension, Clifford plus any non-Clifford one-qudit gate is dense, and
in prime-power dimensions d ≥ 5, adjacent transpositions also work as non-Clifford resources [12].
The goal of this work is to understand this one-wire swap before reintroducing the surrounding
quantum structure. I first remove phases and Fourier transforms, keep arithmetic SUM and local
swaps, and ask which basis permutations they generate. This isolates the reversible permutation
layer of the problem.
At the classical reversible level, qutrits and larger prime dimensions behave differently: for p = 2, 3,
the generated maps remain affine, while for every prime p ≥ 5, arithmetic SUM and local swaps
generate all permutations of Fn

p , as summarized in Figure 1. One part of the proof builds controlled
target additions |x, z⟩ 7→ |x, z + f(x)⟩, including the square case |x, z⟩ 7→ |x, z + x2⟩, which then
gives arithmetic Toffoli gates; another produces localized three-cycles and uses parity to cross from
the affine fragment to the full symmetric group.
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p )

SUM

p = 2, 3 p ≥ 5

Figure 1. Classical fragment map.
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I believe that the synthesis problem should sit next to the classification, because once Xa,b is singled
out as the non-Clifford permutation, the next question is how to turn it into controlled gates and
how many Xa,b’s are needed. The construction gives explicit controlled target additions, including
x2-add gates used to make Toffoli circuits; Figure 2 shows an optimized ququint Toffoli with six
occurrences of Xa,b. In this accounting those six gates are the expensive part, while SUM and
affine relabelings belong to the Clifford background, and I would also like to discuss whether these
constructions can become a practical compiler for controlled additions and multi-control arithmetic.
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Figure 2. A six-Xa,b ququint Toffoli circuit.

I would like the end of the talk to stay closer to a discussion of fault-tolerant cost. A logical
gate may come from code symmetries [10], from injected or distilled resource states [9], or from
ordinary compilation inside a chosen universal set [8], and these routes need not price the same
basis permutation in the same way. The longer-term question is how Xa,b-based constructions
compare once phases and Fourier layers are part of the model again, especially in settings where
non-Clifford resources dominate the cost [7, 8].
Keywords: qudits, reversible computation, exact synthesis, controlled-add gates, Toffoli gates,
non-Clifford resources.
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